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Abstract

This paper introduces a censored-outcome simultaneous-equation model with social in-
teractions. The construction of the microeconomics foundation for this model is from the
equilibrium in a large-network-based game with incomplete information, in which each agent
conducts multiple actions and interacts with other agents through a network through a linear
quadratic utility function. The su�cient condition of the unique Bayesian Nash Equilibrium
(BNE) existence is characterized. We also discuss the identi�cation of the econometric model.
We propose a two-stage method to estimate the model in which we apply the nested pseudo-
likelihood (NPL) to estimate the reduced parameters and then derive the structural form
parameters by Amemiya Generalized Least Square estimator (AGLS). Monte Carlo simula-
tion shows that the estimation performs well in �nite samples. The estimation also shows the
feasibility of the computation when the network size is large.

JEL classi�cation: C31, C34
Key words: Censored Model, Limited Dependent, Networks, Spatial Autoregressive Models,

Simultaneous Equation Models, Social Interaction Models, Tobit model

1 Introduction

In many real economic situations, the outcomes of agents' activities are censored. For example, the

spending amount of household annually traveling should be zero or some positive value. Researchers

of teenagers' behaviors are interested in how many cigarettes a teenager smokes and how many

alcoholic beverages a teenager drinks. Both results are also zeros or positive values. Such result

of each agent's certain activity can be in
uenced by the same agent's other activities' results and

also can be in
uenced by other agents' activities'. From the household consumption example, a

household's annual traveling spending will in
uence its annual entertainment spending and vice
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versa. And both spending can be impacted by their friends' spending. As for the teenager behavior

research example, the number of cigarettes a teenager smokes also impacts how many alcoholic

beverages he/she drinks and vice versa. Both the number of cigarettes he/she smokes and the

number of alcoholic beverages he/she drinks are in
uenced by his/her friends. The multi-action

censored outcomes of di�erent actions determined by the same agent inter-depend, and agents also

impact each other. This paper proposes a simultaneous equation model with censored outcomes and

social interactions to characterize the interdependence of an agent's economic decision outcomes

both across agents and economic activities.

From the seminal literature, Amemiya (1974) proposed a multivariate Tobit model, which is

an extension of Tobin (1958) and Amemiya (1973), and build a simpli�ed version of consistent

estimation by grouping agents into two types based on the outcomes of there activities. Nelson

and Olson (1978) generate a di�erent multivariate Tobit model with latent endogenous variables

under a more general truncation structure, i.e., not all zeros, and also develop an estimator. The

model they propose has one completely observed endogenous variable and one truncated. They

derived a reduced-form-based two-stage estimation containing the application of the least square

method and likelihood method. Then, Amemiya (1979) extends the simultaneous-equation Tobit

model more generally, which combines truncated and non-truncated endogenous outcomes and

develops a GLS-based estimator. According to the variance-covariance matrix developing, the

estimation process Amemiya (1979) is more e�cient than that in Nelson and Olson (1978). Our

econometric model is similar to the traditional simultaneous equation model, but the endogenous

variables of our structure model are dependent not on the observed outcomes but on the unobserved

reservation values.

Our paper is based on the intuition in which each agent conducts various activities at the

same time and shows the results, and each agent cannot observe others' outcomes before making

decisions, however, their expectation of other agents' outcomes will in
uence their behaviors. That

means the econometricians and economists need to �gure out the Bayesian Nash Equilibrium in

the incomplete information network game. Liu (2019) discuss a simultaneous-equation binary

model with social interactions under incomplete information and conduct the estimation based

on maximum likelihood and nested pseudo-likelihood, which is introduced in Aguirregabiria and

Mira (2007). Yang et al. (2018) discuss the incomplete information situation of the single-equation

Tobit model with social interactions and compare it to the complete information case, which is an
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extension of Xu and Lee (2015), in which a maximum likelihood estimator is developed to estimate

the single-equation SAR Tobit model. Other related literature, such as Lee et al. (2014), Lin and

Xu (2017), and Yang and Lee (2017) discuss the existence of Bayesian Nash Equilibrium under

incomplete information social network in which individuals share rational expectations on others'

outcomes.

The rest of this paper is organized as follows. Section 2 clari�es the microeconomic foundation

of this paper, a network multi-activity game under incomplete information case. Section 3 is the

generation of the econometric model of this paper. Section 4 is the estimation. Section 5 is the

Monte Carlo simulation. Section 6 concludes.





to write the vector form, we introduce the following notations,

y �
l = ( y�

1l ; y�
2l ; :::; y�

nl )
0

p l = ( p1l ; p2l ; :::; pnl )0

� k = ( � 1k ; � 2k ; :::; � nk )0

� k = ( � 1k ; � 2k ; :::; � nk )0

(5)

the vector form can be written as

mX

l=1

� lk y �
l =

mX

l=1

� lk Wp l + � k � � k (6)

In the vector form equation (6), the � lk represents the interdependence e�ect among activities

conducted by the same agent. In other words, an agent's underlying intention in activityk will

depend on his/her underlying intention in activity l . And obviously, we have� kk = 1. � kk represents

the inner-activity's peer e�ect, which means an agent's intention of activityk may be impacted

by the expected activities' outcomes of the peers in the same activity.� kl represents the inter-

activity's peer e�ect, which means an agent's intention of activityk may be impacted by the

expected activities' outcomes of the peers in activityl . Then, we introduce the following notations

to write the matrix form
Y = [ y1; y2; :::; ym ]

P = [ p1; p2; :::; pm ]

� = [ � 1; � 2; :::; � m ]

E = [ � 1; � 2; :::; �m ]

(7)

then the matrix form can be written as

Y � � = WP� + � � E (8)

If � is non-singular, we will have the reduced form of the matrix form of our model, which is

Y � = WP� � + � � � E � (9)

where � � = �� � 1, � � = �� � 1, and E � = E� � 1. According to the reduced matrix form of our

5



model, we can derive the scalar reduced form as

y�
ik =

mX

l=1

� �
lk

nX

j =1

wij pjl + � �
ik � � �

ik (10)

where [� �
lk ]m;m

l=1 ;k=1 = � � , [� �
ik ]n;m

i =1 ;k=1 = � � , and [� �
ik ]n;m

i =1 ;k=1 = E � . Then

pik =E( yik jf $ jl gn;m
j =1 ;l=1 )

=E( yik jf $ jl gn;m
j =1 ;l=1 ; yik > 0)Pr (yik > 0jf $ jl gn;m

j =1 ;l=1 )

+ E(














